Nocmal subgeases

let G be a grovp. A subjroup HS€G is pormal 'n‘/ VaeG,
3\'\3-‘ = {j\'\j-‘ : heH? <H. Notation: W2 G.
l\
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Motivakion: Normal subgroves are precisely what are needed
fo define “quotient groups™  “H, which are onalogues of Az,
for obhergroups

Exs:

\a) gUY?oSQ G is o«\:] 3(‘0\:\3 ond et H={eT.
Then VjeG/ je.j“= 33"€=6€H.
Therefore {2 G.

15) So\>\>ose G is 0«\:1 3(‘0\:‘) and ler H=6G.
Then Vje(;/ heH, jhj“e G=H.

Therefore  G<2G.

Note: Grosps G uhese only narmal sobgroops are {e1 and G are

colled simple groups.  Sowe examples of simple jrouPS afc:
Ce for p peime  (the Cm\J Abelion simple ijs)
As (the smallest non-Abelian simple grovp)

A, for nzS



2) T G is Abelian then e\lerj su\sjto\JF
H<G is novrmal.
Yhel 366/ 3\\3" - (jj“)\r\ =k ef

G is Abelian
“Thescfore 3\'\ j“ < H.

\
yt v3)
. (3 ) AL

Ra) G= Sg‘—{e/ ), ¢ 33/ (1 ’S) (L 3)/ (\ 3?.)3
,,(11_‘5)1

H=Caesy={e, (L2 3), (L3 2]
Nobe: -H=As  Csubgrovp of S5 consishing o all even perms.)
~V3ec;, hett
h is even => j‘\j" is_even ——->jhj“€ R.
Conclusion: K <2G.
) G=S;, H=Kaud=le (]

(13)

(L3 (e3) ' =(3)€R
Conclusion: \J\$ G.



Eq\u\\m\en\‘ chacackecizabions of normal gu\>3fov§>._s

Def Vj,j‘e G, VS<G, define
3S= {3s : seS—E/ Sj= {sj'- N 83/ and ij‘ ={3Sj‘=s€ S} :
T\\@fCM: So‘>‘>ose_ G ~\5 o jroop o.f\d H iS a Subjrou‘: oF G
The Fo\\owhj statemenks are qu\va\en\' :
i) VjeG/ j\-\j" e H. (e G)

W) VeeG Hq'=H.
v 3" bt asot o H by 3

.‘“) VJGG/ jH= HJMT‘\J\\* C_»Sd‘ o{: H bJ j
PE: 1) = ii) Suppase 1) heldS. We need %o show that VJ€G y HSJHJ".

Note that VjGG/ we hove j"eG So 3""\ (3")-‘ = 3"\'\3 S H.
T\r\ereFoce,, Vhel—\/ j"‘kjeH
= (3"\\j=i\\/ for some WeH
= - v -\
h 5
T\\C(‘CC«C He JHJ-\/ So H:JHJ~‘ .

= heghly™

( —> next raje )



i) => i) . Y lds. Then*

*Yae G, heH, ahq=R' for some he€EHN
J 7 7 J

J

=2 oh=h'q9 = qh€Hgq.
J J J J

Therefore  aH = Hq.
J J

°VjeG,, hel , INeEH <.

ahq ' =h
Jd J

=D he= qh' =2 hq€ aff.
JJ JJ

Therefore Hqasall, <o ali= Hg.
Jd J 7 J J

i) =21) is  Similar. B




Q_ch_r_‘\mr fant facts

‘) Su?‘:ose_ G 1S o jroop and H i a Subjrou‘s oF G.

Then, Vj(-‘.G} the set jHj" is also a subjroup
of G J ond the map
¢J:\-\—93Hj" de fined 5:1 ¢Ju\\""j‘\j-\
1S an ISomrPMSm.
Pf: Suppese jeG/ and consider Ythe map 333\—\—36/ 6_](m=jk3-,'
For ONJ \\ \'\‘e‘-\
%6 = ghRg "= ghlg R 3" =Ghg gk g7) = HOF0).
Therefore ¢J is a homom. = jHj 55 ()= G. (t;\‘f:«t;]:so{:
b Follows # : =
Tt Pollows that ¢J H J\~\j y (/JJ(k\ j\\j
a ;qr\']e,c,{'iyc;, homom.
Finally, if hhEH and ¢J(h\=¢3(h‘) then
j\\j": Ji\‘j" =h=h'. Therelore Qﬁ s al\se ‘m)éd"we.

Conclusiont ¢J 1S 0N '\Somo(‘?h‘tsm. 7|



Ex:
3
4) G= Dy=<rsl rtasze, rs=scmd={e,r, %, ¢’ s, sc, st sr —}

W= {cr= {e,r, 33

\/nlj elems of order Y4 in Dy

(¢}

Conclusion: He G.
General camment AnJ e a qrovp G cantains a subjcoup H
which 1s not isomerphic to any ather Subjroup of G

we hove 3“3"’¥H %J\'\J" =H = RAd;.



Z.) TE G ond K ore jtout:.s ond ¢:GC—=K is a

homomorPWSM, then ker(¢) 4G.
R ——= {3665 ¢(J\ =€'_}

Pf: (e a\fcodj ?roveé that kef(?’)éG-
Vje G/ he \Ce(‘(ﬂﬂ/

gy § 2y 6 $(5)" = (91 4lg) "=
¢i$ a hom.
Therefore jhj-‘ cker (4). B

Ex: 3) The Map ¢: GL,(KY — R\ {o] , ¢(A)=det (A), is a
. . see “Basic propecrties
\'\ommorp'r\\SM w\‘H\ ( OF kmnw‘:;“f'\'SV\S“)
ker (9)={ A € GL,(R): det(A)=17 = SL.(R)

Therefore  SL,.(R) 2 G, (K.



3) TF WEG, G=4SY, and H=CTY, Fhen:
'\3 He G f and on\j ‘\'\:/ \/sGS/ te T,

s{'s"e\-\, s"’tsG-H/ <k 'ste H/ and s'f'seH. (%)
i) T€ \clem then KeG W ond only i, VseS, ter,
sks'e |y,

P of i)> The implication => Follows ram the def. of “normal subgrovp”
To prove & ) suppose. tha¥ VseS, teT y condition (%)  holds.
Step |+ Show that, VseS, hel ), shsel, sthsel.

Since. H=<T) Vhelt, b, heT, u,..,u€{tl} b he Mt 8",
Then, ¥ s€S , we have

shs™z ot b4y s = g £" (%) £ (s) - (s5) b 5™

=(s 4 s)(s’r ‘s‘) (sta"s ‘) €H

\‘1\

= ¢4 (57 £ (ss) = (s57) Jf: "s

=l 1) (s 12s) (o has) €H
H “H H

Ond ‘\'\S = S‘{' {'u‘



Step 7: Shaw that, YqeG, hetl  qhy™ €H. v

VjeG, ’:\s‘,.../gneS/ u‘,,.,/une{f.\} sk. 3 Vgl (Un
S PNTE PR AP P [N i e D)

= G St et s h sVt s g e

i u.(uz ( Jeoyee )Hn‘e)ﬂ__sz.,.‘)s'.,..eH.

€H

Therefore H2G. B
PEof ii): TE Icl<es the peoof is essen‘nq\\J the same, except that
we con ue the fack that ¥3€G, 15,565 sh guses (similarty )
This  follows from the fact thafy i I[Gl<o then, ¥s€S, we have fhat lslew,

ond  s¥'=e = =¥ 5o e den't need to explicitly allow n?ahve) a
powess  to ae\- inverses of e"cm}s of S

Exs:
C0) G= Q{2 23,2, 26T = <1, )

H=<a7 = {'-*-\, i
'\.'\.’\":'\ 6\'\ y

F T2 i) e) = (Rl =k el

Coanclusion® Ne G



Gb) Lattice of subJ(ou?s of Q:
Qudid . (s‘m'\\ar ar wwn\')
/ ’l))\ <‘>1<J>/<\‘><“Q8 os absbve

Y <)> <k> . e . ¢ ata
\(Jl) {-\) < Q, (|('\\| =- J l(-\\J - '\)
{13 This is en CMM?\C of a non-Abelion jtw? n

hich e.\l(’/(‘:j S\A)JFWP 1S nofmal.





